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and the lepton interactions on the other hand. We 

note further that the quantities xpr C yx ip and 

ipT C yxy5y> are covariants not only under real but 

also under special complex transformation as can 

be proved easily by using relation (8 c). As to the 

quantization, we have already remarked above, that 

one can perhaps make use of the linearity of the 

field equation in the “intrinsic” system by writing

down the commutatorfunction in that system and 

then changing over to the “physical” system by 

means of local transformations.

The author is indebted to Prof. Dr. S c h e r z e r  whose 
critical remarks on a previous paper caused this paper 
and to Mr. F u c h s t e in e r , Mr. W a l t e r  and Mr. W in t e r  

for many helpful and stimulating discussions.
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A systematic study of the performance of thermal diffusion columns is carried out in order to 
examine the limits of validity of the theory of isotopic mixtures in case of mixtures of gases. 
Nitrogen-carbon dioxide mixtures are used. It is found that the pressure dependence of the separa­
tion factor has the same qualitative form as that derived from the simplified theory valid for iso­
topic mixtures.

The theoretical hydrodynamics of the perform­

ance of the C l u s iu s- D ic k e l  thermal diffusion col­

umn has been examined by C lu s iu s  and D ic k e l  *, 

J e n s e n 2, and W a l d m a n n  3 of the German School; 

by F u r r y , J o n e s , and O n s a g e r  4, J o nes and F u r r y  5, 

and M cI n t e er  and R e is f e l d  6 of the American 

School; and by S r iv a s t a v a  and S r iv a s t a v a  7, and 

S a xen a  and R a m a n  8 of the Indian School.

The only well established theory known until now 

is based on some simplifying conditions 8, the most 

important of which is that the dependence of the 

coefficient of viscosity (y) , thermal conductivity 

(A), diffusion (D ) , density (£>), and thermal diffu­

sion factor (a^) on the composition of the gas mix­

ture is negligible; only temperature dependence of 

these quantities is taken into consideration. In other 

words, the only important variation of these quan­

tities with position is that due to the existence of 

temperature gradients. This condition is justified 

only in case of isotopic mixtures where the fractio­

nal difference of the molecular weight is small. An­

other important restriction imposed on the theory 

is that, in limited temperature ranges, the inverse

1 K. C lu s iu s  and G. D ic k e l ,  Z. Phys. Chem. B 44, 397 [1940].
2 H. J e n s e n , Angew. Chem. 5 4 , 405 [1941].

3 L. W a ld m a n n ,  Z. Phys. 1 1 4 ,  53 [1939].

4 W .  H. F u r r y ,  R. C . J o n e s , and L. O n s a g e r ,  Phys. Rev. 5 5 , 

1083 [1939].
5 R. C . J o n e s  and W .  H. F u r r y ,  Rev. Mod. Phys. 1 8 , 151

[1946].

power model is capable of effectively representing 

the interaction among molecules for the calculation 

of rj and D.
Under these simplifying conditions, it can be 

shown that for closed column operation at the 

steady state

ln q-H LK K c + Kt) (1)

where q is the equilibrium-separation factor and 

is the ratio of (x jx 2) at the top end of the column 

to that at the bottom end, xt being the molar concen­

tration of species i; L is the length of the column. 

The theoretical expressions for H, Kc, and K(j 

(which are functions of the transport coefficients 

of the gas mixture as well as the geometry of the 

column) indicate that these quantities are propor­

tional to p2, p4, and p°, respectively. Therefore, 

equation (1) can be put in the form

In s _ ^  (2)

where a and b are given by

a - H L p t/K ', b = Kä p*/Kc (3) 

and p is the pressure of the gas.

6 B. B. M cI n t e e r  and M . J. R e is f e l d , J. Chem. Phys. 33, 570 
[I960],

7 B. N. S r iv a s t a v a  and R. C. S r iv a s t a v a , Physica 20, 237 
[1954].

8 S. C. Saxena and S. R am an , R ev . Mod. Phys. 34, 252 [1962],
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If asymmetries exist in the geometry or tem­

perature distribution in the column, parasitic re­

mixing occurs which causes a reduction in the se­

paration. J ones and F u r r y 5 showed that this effect 

can be taken into consideration by adding a term 

Kp in the denominator of equation (1) which has 

the same dependence on p as Kc . In this case equa­

tion (2) is modified to read

In q — a Ip*
l + b'/p*

(4)

where

a = a ( l+ K jK c), b =  b' (1 + Kv/Kc) . (5) 

Equation (2) shows that q has a maximum at

4 -----

P — P (*7max) = V b , 

the value of this maximum being given by

In <7max 2 yb

The validity of the theory of performance of the 

thermal diffusion column is usually examined by 

plotting p2/In q against p4. The relation should be 

a straight line from whose slope and intercept a 

and b can be obtained to be compared with their 

theoretical values. The theory was verified experi­

mentally in case of isotopes by a number of authors 

such as N ie r  9, W h a l l e y  et a l.10, H o r ib e  n , and 

G ro t h  et a l.12.

The object of the present work is to carry out 

a systematic study of the performance of the thermal 

diffusion column in order to examine the limits of 

validity of the existing theory in case of gas mix­

tures.

Apparatus

Two C l u s iu s - D ic k e l  thermal diffusion columns are 
constructed in the present work, which represent the 
“extreme cylindrical” and “nearly plane” cases.

The first column consists of a vertical pyrex glass 
tube of effective length 285 cm and inner diameter 
2.00 cm which forms the cold surface of the column. 
It is maintained at a constant temperature by means 
of a stream of water which flows continuously through 
a glass jacket. The hot surface of the column consists 
of a tungsten wire of diameter 0.03 cm which is stretch­
ed along the glass tube and which is centered in the

axis by means of horizontal nickel cross-wires of 0.1 
cm diameter, spot-welded along the tungsten wire at 
equal intervals of about 5 cm. These spacers are fixed 
in such a manner that they alternatively fall in two 
perpendicular vertical planes passing through the tung­
sten wire. The wire is heated electrically and its tem­
perature can be changed by means of a variable trans­
former. The mean temperature of the wire is calculated 
by measuring its thermal elongation and knowing the 
coefficient of thermal expansion of tungsten. The lower 
end of the wire is attached to a stainless steel weight 
which keeps the wire taut and which allows its expan­
sion into a mercury cup in the lower joint providing 
the required electrical connection. The mercury cup is 
also cooled by means of circulating water to keep the 
vapour pressure of mercury as low as possible (order 
of 0.001 Torr). The end connections to the sampling 
system are made as short and as narrow as possible to 
minimize the end volumes.

The second thermal diffusion column, which repre­
sents the nearly plane case, is a compact all-metal one 
of the vertical concentric cylinder type. Copper is 
chosen for the construction of this column because of 
its good heat conductivity. Along the axis of the col­
umn, there are two nichrome heating wires each of
0.3 mm diameter. Each wire is surrounded by a por­
celain insulator to separate it from the copper tube 
which constitutes the inner hot surface of the annular 
space confining the gas mixture. This inner cylinder 
has the following dimensions: length = 235 cm, outer 
diameter = 1.28 cm, wall thickness = 0.1 cm. The cor­
responding dimensions of the outer cylinder are 211.5 
cm, 2.83 cm, and 0.1 cm, respectively. It constitutes 
the cold surface of the column and is maintained at a 
constant temperature by means of a stream of water 
which flows continuously through a copper jacket. A 
steel sylphon bellow is fixed in a compressed state at 
the lower end of the cold pipe to allow the expansion 
of the hot tube. In order to minimize the heat losses, 
connection between the bellow and the lower end of 
the hot tube is made by means of thin-walled stainless 
steel tube of about 5.5 cm length. A similar stainless 
steel tube of 6 cm length connects the top of the cold 
tube to the hot one. Moreover, four thin stainless steel 
centering pins, tapered nearly to a point, are fixed at 
40 cm intervals along the hot tube. The temperature of 
the hot surface is measured by means of an iron-con- 
stantan thermocouple which is introduced into the hot 
cylinder and is extended along its axis more than 150 
cm. As in case of the first column, the end connections 
to the sampling system are made as short and as nar­
row as possible to minimize the end volumes.

The mixture of gases to be separated is introduced 
into the previously evacuated column by means of ex­
pansion from a 20-liter vessel which serves as a mixing 
reservoir. In the present case of N2/C02 mixtures, it is

9 A. O. N ie r ,  Phys. Rev. 5 7 , 30 [1940].
10 E. W h a l l e y ,  E. R. S. W in t e r ,  and H. B r is c o e , Trans. Fara­

day Soc. 4 5 ,  1085 [1949].

11 S. H o r ib e ,  AEC Research and Development Report, MLM- 
1132 TR [1962].

12 W .  G r o t h ,  A. M u r r e n h o f f ,  and H. H. B u k o w , Berichte der 
Kernforschungsanlage Jülich, Jül-46-PC [1963].
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found that equilibrium  separation is essentially attain­

ed in 5 hours after which the mixture at either end of 

the column is withdrawn through a capillary tap and 

is removed to the mass spectrometer for analysis.

Transport Coefficients of N2/C 02 Mixtures

In the theoretical calculations of p(qmax) and 

<7max » experimental values of the coefficient of dif­

fusion, the coefficient of viscosity, and the thermal 

diffusion factor should be used, whenever possible. 

If these are not available, the values of the coeffi­

cients are computed at the relevant temperature 

according to the L e n n a r d - J ones (12-6) model. 

Q values are evaluated according to the perfect gas 

equation.

a) Ordinary Diffusion

The data available (Fig. 1) cover the range of 

temperature between 270 ° K  and 1600 ° K .  They 

are given by K l ib a n o v  et a l.13, W a l k e r  and W e - 

st e n b e r g  14, and E m b e r  et a l.15. A least squares 

analysis of these data yields the following relation 16

D x 105 = 0.9936 x r 1-7156 cm2 • sec-1 (6)

Fig. 1. Ordinary Diffusion of N2/C02 Mixtures.

13 Ts. M. K l ib a n o v , Y .  V. P o m e r a n t s e v , and D. A. F r a n k — 

K a m e n e t s k y , J. Tech. Phys. USSR 12, 14 [1942].
14 R. E. W a l k e r  and A. A. W e s t e n b e r g , J. Chem. Phys. 29, 

1139 [1958].
15 G. E m b e r , J. R. F e r r o n , and K .  W o h l , J. Chem. Phys. 37, 

891 [1962].
16 A. Y o u s s e f  and M. M. H a n n a , Proc. Math. Phys. Soc. Egypt 

(in press).
17 J. K e st in  and W .  L e id e n f r o s t , Physica 25, 525 [1959].

from which the coefficient of diffusion of N2/C02 

mixtures can be calculated at 1 atmosphere. At other 

pressures, Z)-values can be obtained from the fact 

that (D p) is pressure independent.

b) Viscosity

The only available systematic measurements are 

those of K est in  and L e id e n f r o s t  17 at 20 °C. In the 

present work, therefore, we use the values of rj com­

puted at 300 ° K  and 460 ° K  according to the 

L e n n a r d —J o nes (12-6) model18, using the inter­

action parameters

e12/k = 130.35 °K and o12 = 3.823 Ä

as derived from the empirical combining rules19. 

These calculations are given in Fig. 2 which shows 

that our choice of the ?/-values is justified, at least 

at the lower temperature.

Fig. 2. Viscosity Coefficient of N2/CO., Mixtures at 300 °K 
and 460 °K.

c) Thermal Diffusion

The only available systematic data are due to 

I bbs and W a k e m a n 20, W a l d m a n n 21, and G r e w  et 

al. 22 who measured the thermal diffusion factor for

18 J. O. H ir s c h f e l d e r , C . F. C u r t is s , and R. B . B i r d , Mole­
cular Theory of Gases and Liquids, John Wiley and Sons, 
Inc., New York 1954, pp. 529-530, 1126-1129.

19 Reference 18, p. 567.
20 T. L. I b b s  and A. C . R. W a k e m a n , Proc. Roy. Soc., Lond. A 

134, 613 [1932],
21 L. W a l d m a n n , Z. Naturforschg. 4 a, 105 [1949].
22 K .  E. G r e w , F. A. J o h n s o n , and W .  E. J .  N e a l , Proc. Roy. 

Soc., Lond. A 224, 513 [1954].
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a 1 : 1 mixture over a range of temperature between 

190 °K and 1200 °K. These experimental results 

can be fitted to the simple relation 16

ar = 0.1143 -22.2372/71. (7)

Y o u ss e f and H a n n a  16 could show that, for 1 : 1 

mixtures, the values of ctT calculated from equation

(7) are in excellent agreement with the values ob­

tained from the C hapm an—C o w lin g  relation 23 when 

the latters are calculated according to the L e n n a rd -  

Jones  (12-6) potential with parameters

e12/k=  156.26 °K and o12 = 3.823 Ä ,

Fig. 3. Thermal Diffusion Factor of 1 : 1 N2/C02 Mixtures. 
(------ ) CLf calculated from eq. (7). (------- ) aT cal­

culated from modified C h a p m a n - C o w l in g  relation.
•  ay values of I b bs  and W a k e m a n .

x«*2

Fig. 4. Thermal Diffusion Factor of N2/C02 Mixtures at 
300 °K and 460 °K.

23 E. A. M a s o n , J. Chem. Phys. 27, 75 [1957].

and are then multiplied by a correction factor 0.73. 

This state of affairs is shown in Fig. 3. Whether this 

value of £12/k and this correction factor still hold 

for other compositions cannot unfortunately be 

established until further experimental data become 

available. In the present work, therefore, we shall 

assume that these parameters are composition in­

dependent. Fig. 4 shows the variation of aT with 

composition at 300 °K and 460 °K according to 

the L e n n a rd - Jo n e s  (12-6) model using the C h a p ­

m an—C o w lin g  relation after being multiplied by the 

previously mentioned correction factor.

Experimental Results

a) Extreme Cylindrical Case

The equilibrium-separation factor q is measured 

as a function of pressure for six different N2/C02 

mixtures in which the mole fraction of the lighter 

component ranges from 0.062 to 0.950. The tem­

peratures of the cold and hot surfaces are kept con­

stant at 7^ = 300 CK and 7% = 693 CK, respectively. 

The results are shown in Fig. 5 in which In q is 

plotted against p. In order to examine the functional 

dependence of In q on p, p2/In q is plotted against 

p4. This is shown in Fig. 6; from which it can easily 

be seen that the equation (2) deduced for isotopic 

mixtures successfully applies to mixtures of gases. 

By means of a least squares analysis the values of 

a and b are obtained for each mixture. The values 

of these constants are then used to draw the curves 

shown in Fig. 5.

I n  F ig . 7, p (</max) is p lo tted  as a fu n c t io n  o f the 

m o le  fr a c t io n  o f n itro g e n , J¥x2 • I n  o rde r to  c o m ­

pare  these ex pe r im en ta l p o in ts  w ith  the  ex is ting  

theo ry  o f iso to p ic  m ix tu re s , p(qma.x) is ca lcu la ted  

as fu n c t io n  o f X ^ 2 f ° r three m ode ls  o f m o le cu la r  

in te ra c t io n , n am e ly , r ig id  sphere m o d e l, M AxwELLian 

m o d e l, a n d  L e n n a rd - Jo n e s  (12-6) m o d e l.

In the theoretical calculations, the following ex­

pression for p (qmax) is used:

w - v s  <8)

where g is the acceleration of gravity and rx is the 

radius of the cold surface of the column, ka and Zrc 

are the column shape factors. The gas constants in 

equation (8) are to be evaluated at the cold tem­

perature (300 °K ). In the extreme cylindrical case 

this choice seems quite reasonable, since most of
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p atmos. ----*-

Fig. 5. ln q as a Function of p for Different 
N2/C02 Mixtures.

(a) X n2 =  0.062, (b) Z n2 =  0.083,
(c) Z n2 =  0.17, (d) XNs> =  0.50,
(e) Z n2 =  0.91, (f) Xn2=0.95. 

(Extreme Cylindrical Case.)

Fig. 7. p (<7max) as a Function of Z n2 (Extreme Cylindrical 
Case).

the gas in the column is maintained at this tempera­

ture. It is worthwhile to mention that p(qma.x) is in­

dependent of the thermal diffusion factor. Through­

24 B. B. M c In t e e r  and M .  J. R e i s f e l d ,  L o s  Alamos Scientific
Laboratory Report, LAMS-2517 [1961].

Fig. 6. p2/ln q as a Function of p4 (Extreme Cylindrical Case).

o u t o u r  ca lc u la t io n s  we have  used  the  ta b u la te d  

c o lu m n  shape  fac to rs  o f M c I n t e er  a n d  R e is f e l d  24 

fo r  the  L e n n a r d —J ones (12-6) p o te n t ia l, o f  F u r r y  

a n d  J ones  25, a n d  o f R a m a n  a n d  S a x e n a  26 fo r  the 

inverse  pow er p o te n tia l w ith  n  =  1 (MAXW ELLian 

m o d e l) ,  a n d  n =  l / 2  ( r ig id  sphere  m o d e l) ,  respec­

tive ly .

Fig. 7 shows that the dependence of p (^max) on 

is qualitatively in good agreement with the 

existing theory for isotopic mixtures. For a first 

look, however, it seems astonishing that the meas­

ured values of p(qm&x) are higher than the calculat­

ed ones. This should mean that either we have a 

negative parasitic effect, which is meaningless; or 

the intermolecular forces for the given mixture have 

a longer range than that corresponding to M ax- 

W ELL ian  interaction, which is quite improbable. As 

a matter of fact, this discrepancy may be accounted 

for if we bear in mind that the gas constants are all 

evaluated at the cold temperature (300 °K ). If it 

happens that the temperature of the gas as a whole 

is somewhat higher than this temperature, which is 

quite plausible due to the existence of the axial hot 

wire, then higher values of r\ and D and lower

25 W. H. F u r r y  and R. C. J o n e s , Phys. Rev. 6 9 , 459 [1946].
26 S . R a m a n  and S . C. S a x e n a , J. Chem. Phys. 36, 3345 [1962].
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values of Q should have been inserted in equation

(8). As it is clear from this equation, this tempera­

ture correction results in an upward shift of the 

theoretical curves of Fig. 7. It can be actually shown 

that a temperature rise of about 10 to 15 °K brings 

the M AXw ELLian and L e n n a rd —Jones  curves in good 

agreement with the experimental points.

Fig. 8. gmax as a Function of Composition According to Rigid 
Sphere, MAXwELLian, and Lennard—Jones Models. (Extreme 
Cylindrical Case.) Thin curves correspond to aT calculated 
from the Chapman—Cowling relation. Bold curves correspond 
to calculated from the modified Chapman-Cowling relation.

Fig. 8 shows the variation of In (/max as a func­

tion of the nitrogen mole fraction ^x 2 • Two theo­

retical curves are plotted for each model of inter­

action to be compared with the experimental points. 

One of these curves is based on the values of aT 

calculated according to the L e n n a rd - Jo n e s  (12-6) 

model with the potential parameters e12/k and o12 

as mentioned above from the C hapm an—C o w lin g  

relation at 300 °K. The thermal diffusion factor 

used to plot the second theoretical curve is still 

calculated from the C hapm an—C o w lin g  relation at 

300 °K but after introducing the correction factor

0.73 assumed to be composition independent (Fig. 

4). The theoretical values of In qmax are obtained 

from the following relation:

1
2

]/9!
6!

L h
(9)

j/fcc

where L is the length of the column and h, kc , and 

are the column shape factors. Throughout the

calculations, the shape factor h is evaluated24-26 

under the assumption that a-p is independent of tem­

perature. From equation (9), it is clear that In ^max 

is independent of ,£>, r], and D ; it depends only on 

the thermal diffusion factor clt •

It is clear that the experimental points do not 

agree with the calculated curves. The discrepancy 

is principally due to the values of aT introduced in 

equation (9). As a matter of fact, if we consider 

the MAXwELLian model, and if we introduce the pre­

viously mentioned temperature correction (i. e. we 

calculate olt at 315 K instead of 300 °K ), we find 

that the theoretical curve corresponding to the 

modified C h apm an—C o w lin g  values of aT cuts the 

experimental curve exactly at Zx2 = 0.5. Of course, 

this is to be expected, since it is for this compo­

sition that the experimental value of a.T is perfectly 

known (Fig. 3). Therefore, a possible explanation 

of the observed discrepancy is that the correction 

factor, which is to be multiplied with olt  of C hapm an  

and C o w lin g  to give the correct value of the thermal 

diffusion factor, is not composition independent as 

it was previously assumed. If this point of view 

were true, then the multiplying correction factor, 

which has the value 0.73 atXx2 = 0.5, should change 

from about 0.5 to about 1 as X>-2 increases from

0.05 to 0.95. Further experimental data of for 

N2/C02 mixtures are required to investigate this 

problem.

b) Nearly Plane Case

The equilibrium-separation factor q is measured 

as a function of pressure for eight different N2/C02 

mixtures in which the mole fraction of nitrogen 

ranges from 0.05 to 0.95. The temperatures of 

the cold and hot surfaces are kept constant at 

Tx = 300 °K  and 7'2 = 620 oK, respectively. Similar 

results (Fig. 9) are obtained as those shown in 

Fig. 5 for the extreme cylindrical case. By plotting 

p2/ln q against p4, the straight lines shown in Fig. 10 

are obtained which prove that equation (2) deduced 

for isotopic mixtures still successfully holds for 

mixtures of gases in coaxial-cylinder thermal dif­

fusion columns.

In Fig. 11, p ((/max) is plotted as a function of 

Xx2 • In a similar manner as in case of the extreme 

cylindrical column, p(<7max) is calculated for the 

MAXwELLian and Lennard-Jones models of mole­

cular interaction. The theoretical curves are also 

shown in Fig. 11. For the MAXwELLian model, the
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•  P re s e n t Work

---------------- M axw ellian  Model

----------------- Len n ard -Jo n es M odel

p atmos.

Fig. 9. In q as a Function of p for Different 
N.,/C02 Mixtures.

(a) X n2 =  0.05,' (b) * n2=0.07,
(c) Z n2=0 .1 , (d) X n 2=0.2 ,

(e) Z x2 =  0.3, (f) Xn2 =  0.5,
(g) X n2 =  0.7, (h) Xn2=0.95 

(Nearly Plane Case).

c o lu m n  shape  facto rs  are  ca lcu la ted  afte r F u r r y  

a n d  Jo nes  25 an d  the fo llo w in g  express ion  fo r  

p (gmax) is used :

1/ 91 1
1/ y ( D p )  i

y (ATIT) (o/p) \V k c'

where rx and r2 are the radii of the cold and hot 

cylinders, respectively, AT = T2 — TX, T =  ̂ (Tx + T2), 

and and kc' are the column shape factors. For 

the L e n n a rd - Jo n e s  model, the column shape factors 

are obtained from the tables of M c In te e r  and R e is ­

f e l d  24, and equation (8) is used to calculate 

p(<7max)- In the nearly plane case, the gas constants 

in equations (8) and (10) are to be calculated at 

the mean temperature T (in our present work, 

T = 460 °K ) .

Fig. 1 2  shows the variation of In <jrmax as a func­

tion of . Four theoretical curves are also plot­

ted in the figure to be compared with the experi-

0 20 02 iu 0 6 08

Fig. 11. p(<7max) as a Function of X$2 (Nearly Plane Case).

mental points. For the MAXWELLian model, the col­

umn shape factor t i is calculated after F u r r y  and 

Jo nes  25 for aT temperature independent and aT pro­

portional to T, and after S r iv a s t a v a  and S r iv a ­

s ta v a  7 for a? varying as A — B/T. The following 

expression is used to obtain In qm3iX:

i 1 V91 L AT h'
In 9«,«,- y  6, r *r (11)

Fig. 10. p2/ln q as a Function of p4 (Nearly Plane Case).
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For the L e n n a rd - Jo n e s  model, the tables of M cI n­

t e e r  and R e is f e ld  24 and equation (9) are used to 

calculate In gmax . The values of aT introduced in 

our calculations are taken from Fig. 4 at the mean 

temperature T = 460 °K.

Jig. 12. <7max as a Function of Composition According to 
M A X W E LL ian  and L e n n a r d - J o n es  (12-6) Models (Nearly Plane 

Case).

The general features of the experimental curves 

are the same as in the extreme cylindrical case. 

However, in the present case, a parasitic remixing 

is quite clear. I f  equation (5) is used to calculate 

K p/K c as a function of J x 2 ) we find that the 

p(tfmax)-curve (Fig. 11; MAXWELLian model) yields 

a value of Kp/Kc which changes from 1.9 to 2.9 as 

Z x 2 increases from 0.1 to 0.9. On the other hand 

the In qrmax-curve (Fig. 12; MAXWELLian model, aT 

constant) yields a nearly constant value K v/K c^ 2  

for values of ^  0.5. That the latter value of 

K„/Kc is composition independent is in good agree­

ment with the results derived by Jones and F urry  5 

assuming simplified modes of asymmetry.
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